1. Introduction. The Hewitt realcompactification vX of a completely regular Hausdorff space X has been widely investigated since its introduction by Hewitt [17] . An important open question in the theory concerns when the equality v(X X F) = vX X vY is valid. Glicksberg [10] settled the analogous question in the parallel theory of Stone-Cech compactifications: for infinite spaces X and F, $(X X Y) = pX X 13 Y if and only if the product X X F is pseudocompact. Work of others, notably Comfort [3; 4] and Hager [13], makes it seem likely that Glicksberg's theorem has no equally specific analogue for v(X X F) = vX X vY. In the absence of such a general result, particular instances may tend to be attacked by ad hoc techniques resulting in much duplication of effort. Our goals in this paper are threefold: to present a useful technique for dealing with particular instances, to illustrate the unifie nature of the technique, and to pose and partially answer some general questions which are less ambitious than the quest for a Glicksberg analogue.
ring of bounded functions. A subset A of X is said to be C-embedded in X if every function in C(A) extends to a function in C(X). C*-embedding is denned analogously. For a topological space X, fiX denotes the Stone-Cech compactification of X y which is characterized as a compact space in which X is densely C*-embedded. vX denotes the Hewitt realcompactification of X and is characterized as a realcompact space in which X is densely C-embedded. Both of the spaces fiX and vX are unique up to a homeomorphism which extends the identity on X. The equality v(X X Y) = vX X vY is to be interpreted to mean that X X Y is C-embedded in vX X vY. For details see [9, especially Chapters 6 and 8].
3. The rectangle condition. In this section we introduce our technique for dealing with Hewitt realcompactifications of products. For economy of verbiage in later results, we begin with some definitions. As is usual, for a non-void subset A of X and a function/ £ C(X),
(oscf)(A)
= sup{|/(*) -f(y)\:x,y £ A}.
Definition.
A filter base J^~ on a topological space X is said to have property 12 if for every / in C(X) and e > 0 there is a set F in &~ with (osc/K/0 ^ e.
It is easily seen that a filter base J^~ has property 12 if and only if it is a Cauchy filter base in the uniformity on X generated by C(X).
Definition. A pair of spaces (X, Y)
is said to have the rectangle condition if whenever jF~ is a filter base on X with property 12 and & is a filter base on Y with property 12, then the filter base has property 12 on X X Y.
We now present our fundamental tool for dealing with v(X X Y) = vX X vY.
PROPOSITION. V(X X Y) = vX X vY if and only if the pair (X, Y) satisfies the rectangle condition.
Proof, (i) Necessity. Let J^ and S? be filter bases on X and F, respectively, each having property 12. Since vX may be viewed (topologically) as the completion of X with respect to the uniformity generated by C(X), there is a point p in vX such that &~ converges to p. Similarly, there is a point q in vY such that ^ converges to g. Hence, the filter base #~ X ^ converges to the point (p, q) of uX X vY. Let / be in C(X X Y). Then, by hypothesis, / extends continuously to /on vX X vY. Thus, the filter base /(^ X &) converges to the point f(p, q). Then, /(& X &) = f(^ X &) must be Cauchy with respect to the usual metric on the real line. This implies that for e > 0, there exists F X G in <F X & such that (ose f)(F X G) è e. Hence, F X & has property OE and (X, F) satisfies the rectangle condition.
(ii) Sufficiency. Let / be in C{X X Y) and (p, q) in vX X vY. Let jV(p) a,nd^(q) be the neighbourhood filters of p and q in vX and vF, respectively, and let J% be the trace oi^V(p) on X and ^ the trace oi^V(q) on F. Then, J% and ^2 have property flonl and F, respectively. Thus, by hypothesis, the filter base J% X & q has property Q. Then, the filter base/( J% X ^) is Cauchy with respect to the usual metric on the real line. Thus, there is a real number J(p, q) such tha.tf(F P X @ q ) converges to f(p, q). This defines an extension / of / on vX X vY. Let (p, q) be in vX X vY and e > 0. Then, there is a set F X G in J% X @ q such that
Note that 5 = (T 7 X G) KJ {(p, q)} is a neighbourhood of (p, q) in the space (XX 7) U{ fog)}. But,
Thus,/ |(XXF)U{(P.«)} * s continuous. Since X X Y is dense in uX X vY, we may conclude that / is continuous on vX X v F. It is not difficult to see that the following result holds.
PROPOSITION. A function f in C(X X F) is extendable over vX X vY if and only if f is weakly uniformly continuous.
For a topological space X, & (X) denotes the uniformity generated by C{X). Since vX X vY may be viewed as the completion of X X Y with respect to the product uniformity *&(X) X &(Y) generated by &(X) and ^(F), it follows that every function in C(X X F) which is uniformly continuous with respect to fé (X) X ^(F) is weakly uniformly continuous. On the other hand, as a result of the theorem in [20] , we know that there is a function /in C(R X R) (R the real line) such that / is not uniformly continuous with respect to fë (R) X *& (R)\ but, every function in C(R X R) is weakly uniformly continuous since R X R = v(R X R) -vR X vR. Finally, every weakly uniformly continuous function on X X Y is uniformly continuous with respect to^(I X F).
The following result is quoted from [5] ,
Thus, from 3.5 and 3.6 we immediately obtain the following result.
COROLLARY. V(X X F) = vX X vY if and only if every function f in C* (X X Y) is weakly uniformly continuous.
It is useful for applications to note that a space X is realcompact if and only if every filter base on X with property 0 converges to some point of X.
Applications to known results.
We now indicate the usefulness of our technique for unifying the theory of Hewitt realcompactifications of products.
The projection TT X from X X Y onto X is said to be ^-closed if for every zero-set Z on X X F, ir x (Z) is a closed subset of X. It is unusual for w x to be 3-closed ; in fact, if w x is ^-closed for every space F, then X is discrete and if ir x is z-closed for all spaces X, then F is compact (see [11, § 2.6 for details]).
An infinite cardinal m is said to be measurable if a set X of cardinality m admits a non-trivial two-valued, countably additive measure defined on all subsets of X. The existence of measurable cardinals is an open question of set theory; however, the class of non-measurable cardinals in known to be closed under the usual cardinal operations and to contain Ko-Our present interest in measurable cardinals lies in the fact that a discrete space X is realcompact if and only if card X is non-measurable. Also, a metric space of non-measurable cardinal is realcompact.
The following result can be found in the literature.
THEOREM. The following are equivalent:
(i) XX Y is C*-embedded in X X $Y; (ii) ir x is z-closed; (iii) S fis continuous for each f in C*(X X F).
Proof, (i) «=> (ii) is due to Hager and Mrowka and is proved in
(ii) => (iii) is due to Tamano and is proved in 
Let/ be in C* (X X Y) and let &~ be a filter base on X which has property 12. It is natural to wonder if there is an x in X such that the behaviour of the function E/(x) on a filter base ^ on F determines the behaviour of / on J^~ X @. We are motivated to consider the following situation. Proof. Let J^ and & be filter bases on X and F, respectively, both having property 12. We assume for definiteness that E/ is continuous. Let e > 0. Let M = Sf(X). Since card M ^ min {cardX, 2XocardF} j C ard M is non-measurable (any cardinal smaller than a non-measurable cardinal is non-measurable [9, § 12.5]). Thus, the metric space M is realcompact. Now, the filter base S/(^") has property 12 on M since E/ is continuous. Thus, there is a point Xo in X such that the filter base E/(^~) converges to the function S/(x 0 ). Let 11 • • • 11 denote the usual sup-norm on C* ( Y) and let
Choose G in ^ such that (osc E/(ffo))(G) ^ e/3. Then, for points (xi, 3/1) and We continue with a theorem of Comfort which appears in [4] . The proof we give here is no shorter than that offered in [4] , but is presented here because of its consistency with the spirit of our preceding results.
THEOREM. Let X be a locally compact realcompact space with the property that each point of X admits a neighbourhood with non-measurable cardinal. Then, v(X X Y) = vX X vY for every space Y.
Proof. Let J^~ and & be filter bases on X and F, respectively, both having property 2. Since X is realcompact, there is a point x 0 in X such that J^~ converges to XQ. By hypothesis, x 0 admits a compact neighbourhood K which has non-measurable cardinal. Let tfl = {F£<^~: FCK}.
Then, ^ is a filter base on K with property 12 (K is C-embedded in X [9, § 3.11]). By 4.5, ^ X ^ has property ti on K X F, and hence on X X Y. Thus, & X & has property 12 on X X Y. Then, v{X X Y) = vX X vY.
We turn now to the sufficiency of Glicksberg's theorem. We shall need the following result of Frolik which appears in [7] , to which the reader is referred for proof. Then g £ C*(X X F). Hence, the function
LEMMA (Frolik). If X X Y is pseudocompact, then for f Ç C*(X X F),
VtY is continuous on X by 4.8. Thus, there is a neighbourhood U of x 0 such that
\G(x) -G(xo)\
Thus, S/ is continuous at Xo.
A study of the proof of 4.4 shows that the critical fact needed to conclude that / is weakly uniformly continuous is that the metric space 2f(X) is realcompact. It is well known that a pseudocompact metric space is compact and hence realcompact. Hence, if X is pseudocompact and H/ is continuous, then Sf(X) is realcompact. These remarks together with 4.9 and the fact that vX = 0X if X is pseudocompact yield the following result immediately.
THEOREM (Glicksberg). If X X Y is pseudocompact, then
«IX F) =/3XX/3F. An easy application of Glicksberg's theorem shows that the class £%* consists precisely of the finite spaces. From 4.7 we have that if X is locally compact realcompact of non-measurable cardinal, then X is a member of S%. We have not been able to completely characterize the class 8%\ but at least we have been able to prove the following. Then, / is continuous on X X F. Let #" denote the trace of <A\p) on X (i.e. #~ = ([/HI; Ue^V(p)}). Then, the filter base ^ has property 0 on X since X is C-embedded in uX and JV(p) has property 12 on vX. Let ^ be the neighbourhood filter of the point q in F. Then, & has property 12 on F. Let T 7 be a set in #"* and G a set in 3?. Choose [/ in ^V(p) satisfying:
Pick #i in Fi r\ X such that/^(xi) < 1/2 and pick x 2 in (F^cly^Fi) r\ X, Then, we have that Xi and x 2 are points of F and Vi is a point of G. Then, the points (x lf Vi) and (x 2 , Fi) both lie in the set F X G. But,
Thus, ^ X ^ does not have property 12 on X X F. Thus
v(X X Y) ^vX XvY
and X is not a member of ^.
A space similar to the space F constructed in the proof of 5.2 is used in [14] to show that if X is not compact, then for some space F, the projection T Y is not 3-closed.
We suspect that if card X is non-measurable and X is a member of the class 3% then X is necessarily locally compact, but we have not yet been able to prove (or disprove) this conjecture. In the following example we see that even a countable space (hence Lindelôf and hence realcompact [9, § 8.2] ) may fail to be a member of 3%. 
Thus,
v(T XS) ^vTX vS.
It is easy to see that the class 3$ is closed under finite products. Note that the space N is a member of 3% and the space T of 5.3 is a continuous one-to-one image of N; thus, 3? is not closed under continuous mappings. Glicksberg's theorem characterizes^* as precisely the class of pseudocompact spaces. It is a trivial observation that 3$ C <^é, but the space T of 5.3 provides an example of a space in *JK which is not in 3%. With a restriction on cardinalities, we have been able to characterize ^é.
THEOREM. If card X is non-measurable^ then X is in *Jé if and only if X is realcompact.
Proof, (i) If X is realcompact, then clearly X is in <^#.
(ii) Suppose that X is not realcompact. Let Y be the space constructed in 5. 
Thus, X is not in ^é.
5.6. Definition. Let 3P denote the class of all spaces X such that v(X X vX) -vX X vX. Let 3P* denote the class of all spaces X such that P(X X fiX) = (3X X PX.
Glicksberg's theorem tells us that ^* is precisely the class of pseudocompact spaces. Hence, ^* = ^*. Obviously, ^# C &> It is also clear that SP contains all of the pseudocompact spaces. Thus, the space 5 of 5.3 is a member of & but is not in *Jt. One might be tempted to call the members of 0* realpseudocompact spaces. If D is discrete with measurable cardinal, then D is not in 0 by 4.6. We now discuss some spaces that are members of 0.
Following [11] , we say that a pair of spaces (X, F) has condition 2 if
each X n X Y n is pseudocompact, each X n is completely separated from X\X n+ i, and each Y n is completely separated from Y\Y n+1 . Hager [11] has shown that if (X, F) has condition 2, then v{X X Y) = vX X vY. If X = Un^Xn with each X n pseudocompact and completely separated from X\X n+ i, it is easily seen that (X, vX) has condition 2. Thus, the following result holds. is not a member of 0. We now give an example of a non-pseudocompact, non-realcompact space X which does not fall under the hypotheses of 5.7 such that X is in the class 0.
Example.
Let A be any pseudocompact, non-compact space (the space S of 5.3 for example). Then, A is not realcompact [9, 5H] . Let B be any locally compact, realcompact space of non-measurable cardinal which is not Then, X is not realcompact since A is a closed subset which is not realcompact [9, § 8.10] . Also, X is not pseudocompact since B is not pseudocompact and is C-embedded in X. It also follows easily that X does not satisfy the hypotheses of 5. Thus, X is in the class 2P.
